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where k = |k| is the scalar wave number and δD(s) is the Dirac
Delta distribution. Specifically, we utilise three kinds of power
spectra,

⟨δ̃m(k)δ̃m(k′)⟩ = (2π)3δD(k + k′)Pm(k) ; (3)
⟨δ̃m(k)δ̃g(k′)⟩ = (2π)3δD(k + k′)Pgm(k) ; (4)

⟨δ̃g(k)δ̃g(k′)⟩ = (2π)3δD(k + k′)
(

Pg(k) + n̄−1g
)

, (5)

namely the matter power spectrum Pm(k), the galaxy-matter
cross-power spectrum Pgm(k), and the galaxy power spectrum
Pg(k). The latter subtracts the shot-noise n̄−1g from the galaxy
power spectrum by definition. In contrast to the smooth matter
density, the galaxy number density is subject to shot noise be-
cause it consists of a finite number of discrete points that make
up the number density field. Traditionally, the definition of Pg(k)
assumes a Poisson process as model for the shot noise (Peebles
1980).

The biasing functions (of the second order) express the
galaxy bias in terms of ratios of the foregoing power spectra,

b(k) =

√

Pg(k)
Pm(k)

; r(k) =
Pgm(k)

√

Pg(k) Pm(k)
. (6)

Galaxies that sample the matter density by a Poisson process
have b(k) = r(k) = 1 for all scales k and are dubbed unbiased;
for b(k) > 1, we find that galaxies cluster stronger than matter
at scale k, and vice versa for b(k) < 1; r(k) ! 1 indicates either
stochastic bias, or non-linear bias, or a sampling process that
is not Poisson, or combinations of these cases (Dekel & Lahav
1999; Guzik & Seljak 2001). Clearly, the interpretation of r(k)
is ambiguous although it is reasonable to assume linear bias on
large scales, k ≪ 1, hence on scales where density fluctuations
are small.

2.2. Disentangling small-scale and large-scale bias

Inspired by halo models of the large-scale structure, we now de-
fine one- and two-halo terms of the biasing functions (Cooray &
Sheth 2002). This provides a clear definition of small-scale bias
and large-scale bias. In addition, it enables us to fit small- and
large-scale bias independently to our measurements of b(k) and
r(k).

A generic description of ρm(x) and ng(x) by a halo model
yields an expansion of all three power spectra Pm(k), Pgm(k),
and Pg(k) in terms of one- and two halo terms as in

P(k) = P1h(k) + P2h(k) . (7)

The one-halo term P1h(k) dominates at small scales reflecting
correlations between density fluctuations within the same halo,
whereas the two-halo term P2h(k) dominates the power spectrum
on large scales where correlations between fluctuations in differ-
ent halos and the clustering of halos become dominant. Simi-
larly, we define one- and two-halo terms of the biasing functions
by

b1h(k) :=

√

P1hg (k)
P1hm (k)

; b2h(k) :=

√

P2hg (k)
P2hm (k)

(8)

and

r1h(k) :=
P1hgm(k)

√

P1hg (k) P1hm (k)
; r2h(k) :=

P1hgm(k)
√

P1hg (k) P1hm (k)
. (9)
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Fig. 1. Estimates of Wm(k) as function of redshift. The one-halo term
of Pm(k) dominates where Wm(k) ≈ 0, the two-halo term in the regime
where Wm(k) ≈ 1. The figure is based on the halo model parameters of
Simon et al. (2009).

This definition allows us to clearly distinguish between galaxy
bias on small scales (one-halo terms) and galaxy bias on large
scales (two-halo terms).

The two-halo terms of the biasing functions are essentially
scale-independent and thus can be considered constant (next sec-
tion). We therefore define a doublet of parameters of the large-
scale bias by

b2h(k) ≈ bls ; r2h(k) ≈ rls . (10)

Based on Eq. (6), we arrive at an expansion of b(k) in terms
of b1h(k) and b2h(k) that is valid in any flavour of a halo model.
Namely, we find that

b2(k) =
P1hg (k) + P2hg (k)

Pm(k)

=
P1hm (k) [b1h(k)]2

Pm(k)
+
P2hm (k) [b2h(k)]2

Pm(k)
=

(

1 −Wm(k)
)

[b1h(k)]2 +Wm(k) [b2h(k)]2

≈
(

1 −Wm(k)
)

[b1h(k)]2 +Wm(k) b2ls , (11)

where the weight

Wm(k) :=
P2hm (k)
Pm(k)

(12)

is the amplitude of the two-halo matter power spectrum relative
to the total matter power spectrum. Deep in the one-halo regime
we have Wm(k) ≈ 0 and Wm(k) ≈ 1 in the two-halo regime. In
principle, the weight function Wm(k; z) could be obtained for
different redshifts z directly from a cosmological simulation by
correlating only matter density from different halos for P2hm to
be compared to the full power spectrum Pm. In our fits to data,
we determine Wm(k; z) once for a given fiducial cosmology, see
Fig. 1, by invoking the halo model description of Pm as in Simon
et al. (2009) (see Appendix thereof). According to this figure the
transition between the one-halo and two-halo regime,Wm ∼ 0.5,
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1. Introduction
– Non-lensing methods struggle to measure the galaxy bias on
non-linear scales and as a function of scale (biasing func-
tions). The lensing technique is unique in this respect.

– Little assumptions on the matter power spectrum which is
directly measured by the shear-shear correlations.

– A calibration is required to account for (i) foreground and
background structure that contributes to the statistics and (ii)
to convert aperture mass into projected matter fluctuations.
The calibration mainly depends on the geometry and little
on the angular scale (van Waerbeke 1998).

– In comparison to recent lensing studies of the biasing func-
tions, we fit models to ratios of (projected) matter and galaxy
clustering. This is free of cosmic variance (provided that
galaxy bias does not have cosmic variance). Can also be used
to infer biasing functions in a model-free manner (cf. paper
by Marcello and Reiko).

– We present explicit expressions for the biasing functions
within the framework of a halo model. A useful definition
of small-scale and large-scale bias is given which addition-
ally allows us to test fundamental assumptions of the halo
model.

– Test 1: the biasing function on small scales predicts the large-
scale bias; a consistency between both is required.

– Test 2: the large-scale correlation factor has to be exactly
unity because galaxies are always inside matter halos; r2h =
1 is a generic prediction of the halo model.

– Test 3: SAM of galaxies predict Poisson statistics for the
satellite galaxies inside a matter halo and sub-Poisson statis-
tics for sparse halos. This is testable by studying the biasing
functions on small scales in the one-halo regime.

Plan:
1. Define biasing functions b(k) and r(k).
2. Define biasing functions on small scales (one-halo) and large
scale (two-halo). Show how they are connected to yield b(k)
and r(k) in any halo model.

3. Our concrete implementation is based on Seljak (2000); con-
venient because two-halo terms are identical in scenarios
with and without central galaxies. Discuss toy model and ex-
pressions for the more general biasing functions on small and
large scales. Galaxy number densities as extra information to
break degeneracies of model parameters.

4. Summarise the relation to the lensing observables and statis-
tical methodology to infer model parameters from it (refer-
ence to recent paper by Marcello and Reiko). Angular scale
of transition between one-halo and two-halo terms of the bi-
asing functions. Test with clone KiDS data (unbiased galax-
ies).

5. Estimator for comoving number density of lenses (selected
by photo-z; see my notes from 16/10/15).

6. Data: which lens samples?

Simon et al. (2007, ; SHS07 hereafter)
(galaxy models -> halos -> SAMs) This makes sense be-

cause all galaxies and matter are assumed to be inside halos:
for distances larger than the typical size of halos where differ-
ence between the distribution of matter and galaxies inside halos
become irrelevant, galaxies have to be strongly correlated to the
matter distribution. Nevertheless, in a more general scenario out-
side the realm of halo models we could consider a density field
of galaxies uncorrelated to the matter density (e.g. ?). An obser-
vation of r < 1 on large scales would be strong evidence against
a halo model description.

fiducial cosmology: WMAP9+eCMB+BAO+H0 unless
stated otherwise (Planck in comparison).

2. Theory
2.1. Biasing functions

We define galaxy bias in terms of two biasing functions b(k) and
r(k) for a given spatial scale 2π k−1 in the following way.

Let δ(x) in ρ(x) = ρ [1 + δ(x)] be the density fluctuations
at position x of a random density field ρ(x); ρ denotes the mean
density. The density field is either the matter density ρm(x) or the
galaxy number density ng(x) with contrasts δm(x) and δg(x), re-
spectively. We determine the fluctuation amplitude for a density
mode with wave number k by the Fourier transform of δ(x),

δ̃(k) =
∫

d3x δ(x) e−ix·k . (1)

All information on the two-point correlations of δ̃(k) is con-
tained in the power spectrum P(k) defined through the second-
order correlation function of modes,

⟨δ̃(k)δ̃(k′)⟩ = (2π)3δD(k + k′)P(k) , (2)
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where k = |k| is the scalar wave number and δD(s) is the Dirac
Delta distribution. Specifically, we utilise three kinds of power
spectra,

⟨δ̃m(k)δ̃m(k′)⟩ = (2π)3δD(k + k′)Pm(k) ; (3)
⟨δ̃m(k)δ̃g(k′)⟩ = (2π)3δD(k + k′)Pgm(k) ; (4)

⟨δ̃g(k)δ̃g(k′)⟩ = (2π)3δD(k + k′)
(

Pg(k) + n̄−1g
)

, (5)

namely the matter power spectrum Pm(k), the galaxy-matter
cross-power spectrum Pgm(k), and the galaxy power spectrum
Pg(k). The latter subtracts the shot-noise n̄−1g from the galaxy
power spectrum by definition. In contrast to the smooth matter
density, the galaxy number density is subject to shot noise be-
cause it consists of a finite number of discrete points that make
up the number density field. Traditionally, the definition of Pg(k)
assumes a Poisson process as model for the shot noise (Peebles
1980).

The biasing functions (of the second order) express the
galaxy bias in terms of ratios of the foregoing power spectra,

b(k) =

√

Pg(k)
Pm(k)

; r(k) =
Pgm(k)

√

Pg(k) Pm(k)
. (6)

Galaxies that sample the matter density by a Poisson process
have b(k) = r(k) = 1 for all scales k and are dubbed unbiased;
for b(k) > 1, we find that galaxies cluster stronger than matter
at scale k, and vice versa for b(k) < 1; r(k) ! 1 indicates either
stochastic bias, or non-linear bias, or a sampling process that
is not Poisson, or combinations of these cases (Dekel & Lahav
1999; Guzik & Seljak 2001). Clearly, the interpretation of r(k)
is ambiguous although it is reasonable to assume linear bias on
large scales, k ≪ 1, hence on scales where density fluctuations
are small.

2.2. Disentangling small-scale and large-scale bias

Inspired by halo models of the large-scale structure, we now de-
fine one- and two-halo terms of the biasing functions (Cooray &
Sheth 2002). This provides a clear definition of small-scale bias
and large-scale bias. In addition, it enables us to fit small- and
large-scale bias independently to our measurements of b(k) and
r(k).

A generic description of ρm(x) and ng(x) by a halo model
yields an expansion of all three power spectra Pm(k), Pgm(k),
and Pg(k) in terms of one- and two halo terms as in

P(k) = P1h(k) + P2h(k) . (7)

The one-halo term P1h(k) dominates at small scales reflecting
correlations between density fluctuations within the same halo,
whereas the two-halo term P2h(k) dominates the power spectrum
on large scales where correlations between fluctuations in differ-
ent halos and the clustering of halos become dominant. Simi-
larly, we define one- and two-halo terms of the biasing functions
by

b1h(k) :=

√

P1hg (k)
P1hm (k)

; b2h(k) :=

√

P2hg (k)
P2hm (k)

(8)

and

r1h(k) :=
P1hgm(k)

√

P1hg (k) P1hm (k)
; r2h(k) :=

P1hgm(k)
√

P1hg (k) P1hm (k)
. (9)
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Fig. 1. Estimates of Wm(k) as function of redshift. The one-halo term
of Pm(k) dominates where Wm(k) ≈ 0, the two-halo term in the regime
where Wm(k) ≈ 1. The figure is based on the halo model parameters of
Simon et al. (2009).

This definition allows us to clearly distinguish between galaxy
bias on small scales (one-halo terms) and galaxy bias on large
scales (two-halo terms).

The two-halo terms of the biasing functions are essentially
scale-independent and thus can be considered constant (next sec-
tion). We therefore define a doublet of parameters of the large-
scale bias by

b2h(k) ≈ bls ; r2h(k) ≈ rls . (10)

Based on Eq. (6), we arrive at an expansion of b(k) in terms
of b1h(k) and b2h(k) that is valid in any flavour of a halo model.
Namely, we find that

b2(k) =
P1hg (k) + P2hg (k)

Pm(k)

=
P1hm (k) [b1h(k)]2

Pm(k)
+
P2hm (k) [b2h(k)]2

Pm(k)
=

(

1 −Wm(k)
)

[b1h(k)]2 +Wm(k) [b2h(k)]2

≈
(

1 −Wm(k)
)

[b1h(k)]2 +Wm(k) b2ls , (11)

where the weight

Wm(k) :=
P2hm (k)
Pm(k)

(12)

is the amplitude of the two-halo matter power spectrum relative
to the total matter power spectrum. Deep in the one-halo regime
we have Wm(k) ≈ 0 and Wm(k) ≈ 1 in the two-halo regime. In
principle, the weight function Wm(k; z) could be obtained for
different redshifts z directly from a cosmological simulation by
correlating only matter density from different halos for P2hm to
be compared to the full power spectrum Pm. In our fits to data,
we determine Wm(k; z) once for a given fiducial cosmology, see
Fig. 1, by invoking the halo model description of Pm as in Simon
et al. (2009) (see Appendix thereof). According to this figure the
transition between the one-halo and two-halo regime,Wm ∼ 0.5,

Article number, page 2 of 5

modes of density fluctuations (random fields):

complete second-order statistics of fluctuations:

Biasing functions (linear stochastic bias):

bias 
factor

correlation 
factor

Poisson 
sampling noise



 some toy model with  

 identical halo mass-profiles 
 unclustered (overlapping) halos 
 no central galaxies 
 galaxies trace matter density

N = 3

r(k) =

✓
1 +

�2
N � hNi
hNi2

◆�1/2

=

8
<

:

< 1 super� Poisson

= 1 Poisson

> 1 sub� Poisson

b(k)⇥ r(k) = 1



SAM by Henriques et al. (2015)

7.1⇥ 109 M�

2.1⇥ 1011 M�

stellar mass

galaxy samples mimick those in  
Simon et al. (2013) and Saghiha et al. (2017)

z ~ 0.35
r(k)b(k)

galaxy model

M⇤



lensing is a natural way to measure galaxy bias

van Waerbeke, L., 1998, A&A, 334, 1 
Schneider, P., 1998, ApJ, 498, 43 

Hoekstra et al., 2001, ApJ, 558, 11 
Hoekstra et al., 2002, ApJ, 577, 604
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galaxies

convergence

θ

Map(θ)

⟨N 2(θ)Map(θ)⟩

N (θ)

⟨N (θ)M 2
ap(θ)⟩

θ

Figure 1. Illustration of the aperture statistics. Fluctuations
N (θ) in the projected galaxy number density (top panel),
smoothed to the characteristic filter scale θ, are statistically
compared to the filtered projected matter fluctuations Map(θ)
(lensing convergence; bottom panel). We take N 2(θ)Map(θ) or
N (θ)M2

ap(θ), and average these for different aperture centres
(dashed circles) to estimate third-order moments of the joint
probability distribution of N (θ) and Map(θ).

where γ(ϑ;ϕ) := −e−2iϕγc(ϑ) denotes the Cartesian shear
γc at angular position ϑ rotated by the polar angle ϕ. The
real part of γ(ϑ;ϕ) is the tangential shear, the imaginary
part the cross shear. The relation between the filters u(x)
and q(x) is given by

q(x) =

(
2
x2

∫ x

0

ds s u(s)

)
− u(x) . (11)

This paper uses the exponential aperture filter from van
Waerbeke (1998), exponential filter hereafter,

u(x) =
1
2π

(
1− x2

2

)
e−x2/2 , (12)

which effectively has a finite support because of the Gaussian
factor that suppresses the filter strongly to zero for ϑ ! 3θ
(SW05). The Fourier transform of the aperture filter is

ũ(ℓ) =

∫
d2θ u(θ)e+iℓ·θ =

ℓ2

2
e−ℓ2/2 . (13)

2ϑ

1ϑ

1ϕ

2ϕ

2θ

3θ

1θ

3φ

( )1 2
1
2
ϕ ϕ+

1ϑ3φ

1ϕ
2ϕ

2θ

3θ

1θ

2ϑ

Figure 2. Illustration of the parametrisation of the lens-
lens-shear three-point correlator G̃(ϑ1,ϑ2,φ3) (top panel), and
the lens-shear-shear correlation function G̃±(ϑ1,ϑ2,φ3) (bottom
panel). These statistics are employed to estimate the aperture
statistics in Fig. 1. The figure is copied from SW05.

We generally denote a Fourier transform of f(θ) by f̃(ℓ) in
the following. The exponential filter ũ(ℓ) peaks in Fourier
space at an angular wave number of ℓ =

√
2, which deter-

mines a characteristic angular scale selected by an aperture
radius of θ.

2.3 Aperture statistics estimators

To obtain the third-order moments of the galaxy-matter
aperture statistics, we utilise the lens-lens-shear correlation
function G in the case of ⟨N 2Map⟩ and the lens-shear-shear
correlation function G± for ⟨NM2

ap⟩. This section provides
only a brief description of this approach. For a more de-
tails, its computationally optimised implementation as well
as verification, we refer the reader to Sect. 3 of Simon et al.
(2008).

In practice, the aperture moments ⟨N 2Map⟩ or ⟨NM2
ap⟩

are not computed from the aperture mass Map or aperture
number counts N directly. The information contained in
the aperture statistics is also contained inside two classes
of three-point correlation functions (SW05), which are rel-
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Fig. 14. Reconstructed biasing functions of FORE-I galaxies in
GaBoDS. Shown are the 68% and 95% PI of b(k) in the bottom panel
and that of r(k) in the top panel. The biasing function are an average
over the redshift range 0.34 ± 0.16 for a WMAP9 cosmology. The red
data points show the biasing function of BLUE low-z, which have a
similar b(m).

show the biasing functions of BLUE low-z for a qualitative com-
parison.

8. Discussion

In this study, we have outlined and successfully tested a re-
fined technique to measure in contemporary lensing surveys
the scale-dependent galaxy bias down to non-linear scales of

k ∼ 10 h−1 Mpc for lens galaxies at z ! 0.6. To test our recon-
struction technique, we employ a fiducial survey with a sky cov-
erage of ∼ 1000 deg2, and a photometry and a survey depth as in
CFHTLenS. To construct realistic samples of lenses and sources,
we have prepared mock catalogues that are consistent with those
used in SES13 and Saghiha et al. (2017). Despite some varia-
tions in survey depth and area, these survey parameters are sim-
ilar to the ongoing Kilo-Degree Survey (KiDS), Dark Energy
Survey (DES), or the survey with the Hyper Suprime-Cam (Kui-
jken et al. 2015; Becker et al. 2016; Aihara et al. 2017). If the
galaxy-bias normalisation is perfect, our technique applied to
these data can achieve a statistical precision within the range
of 5 − 10% (68% CL), if similar lens and source samples are
targeted, and a slightly better accuracy of 3 − 7% (68% CL),
see Table 3. For the high-z samples, the accuracy will be some-
what higher with 3 − 5%. On the other hand, it is clear from our
overview Table 4 that the accuracy of the galaxy-bias normalisa-
tion is in fact limited, mainly by our knowledge of the intrinsic
alignment of sources, cosmological parameters, and the galaxy
redshift-distributions. With a broad knowledge of |Aia| ! 2 and
the specifications for the normalisation errors in Table 4, we con-
clude that systematic errors would potentially degrade the over-
all accuracy to approximately 15% for b(k) and 10% for r(k).
For fully controlled intrinsic alignment of sources, these errors
could be reduced by 5%. An additional reduction by 3% may be
possible by controlling the redshift distributions (their mean and
variance) in the normalisation to 1% accuracy. For the fiducial
cosmology, the knowledge of Ωm is of most importance while
the normalisation of the ratio statistics is less affected by σ8.

For a future method improvement, various problems could
be of interest: (i) approximations in the formalism or estima-
tors of Sect. 3; (ii) an inaccurate statistical model for the like-
lihood function; (iii) a model bias in the templates. We discuss
a few problems in the following. With regard to our statistical
model, we find indeed evidence for deviations from a Gaussian
model of the joint aperture statistics which is explicitly assumed
in Eq. (91) (see Appendix C). However, the magnitude of a bias
owing to a Gaussian model is not clear and requires more re-
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z = 0.35± 0.16; R  21mag

galaxy bias on the sky
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3.2. Aperture statistics and galaxy-bias normalisation

The projected biasing functions b(k) and r(k) are observable by
taking ratios of the (co-)variances of the aperture mass and aper-
ture number count of galaxies (van Waerbeke 1998; Schneider

1998). To see this, let κg(θ) = Ng(θ)/Ng − 1 be the density con-
trast of the number density of galaxies Ng(θ) on the sky in the

direction θ, and Ng = ⟨Ng(θ)⟩ is their mean number density. We
define the aperture number count of Ng(θ) for an angular scale
θap at position θ by

N(θap; θ) =

∫
d2θ′ U(|θ′|; θap) κg(θ′ + θ) , (11)

where

U(θ; θap) =
1

θ2ap

u(θ θ−1
ap ) ; u(x) =

9

π
(1 − x2)

(
1

3
− x2

)
H(1 − x)

(12)

is the aperture filter of the density field, and H(x) is the Heaviside
step function of our polynomial filter profile u(x). The aperture

filter is compensated, that is
∫ ∞

0
dx x u(x) = 0. Similarly for the

(average) lensing convergence κ(θ) of sources in direction θ, the
aperture mass is given by

Map(θap; θ) =

∫
d2θ′ U(|θ′|; θap) κ(θ′ + θ) . (13)

The aperture statistics consider the variances ⟨N2⟩(θap) and

⟨M2
ap⟩(θap) of N(θap; θ) and Map(θap; θ), respectively, across the

sky as well as their co-variance ⟨NMap⟩(θap) at zero lag.
From these observable aperture statistics, we obtain the

galaxy-bias factor b2D(θap) and correlation factor r2D(θap)
through the ratios

b2D(θap) =

√
⟨N2⟩(θap)

⟨M2
ap⟩(θap)

× fb(θap) , (14)

r2D(θap) =
⟨NMap⟩(θap)

√
⟨N2⟩(θap) ⟨M2

ap⟩(θap)
× fr(θap) , (15)

where

fb(θap) :=

√
⟨M2

ap⟩th(θap)

⟨N2⟩th(θap; 1)
, (16)

fr(θap) :=

√
⟨M2

ap⟩th(θap) ⟨N2⟩th(θap; 1)

⟨NMap⟩th(θap; 1)
(17)

normalise the statistics according to a fiducial cosmology, that
means the aperture statistics with subscript ‘th’ as in ⟨M2

ap⟩th(θ j)
denote the expected (co-)variance for a fiducial model. The nor-
malisation is chosen such that we have b2D(θap) = r2D(θap) = 1
for unbiased galaxies given the distributions of lenses and
sources with distance χ as in the survey, hence the ‘(θap; 1)’ in
the arguments of the normalisation. The normalisation functions
ff and fb are typically weakly varying with angular scale θap

(Hoekstra et al. 2002). In addition, they depend weakly on the
fiducial matter power spectrum Pm(k; z); they are even invariant
with respect to an amplitude change Pm(k; z) '→ υ Pm(k; z) with
some number υ > 0. We explore the dependence on the fiducial
cosmology quantitatively in Sect. 7.3.

For this study, we assume that the distance distribution of
lenses is sufficiently narrow, which means that the bias evolution
in the lens sample is negligible. We therefore skip the argument
χ in b(k; χ) and r(k; χ), and we use a b(k) and r(k) independent
of χ for average biasing functions instead.

The relation between (b(k), r(k)) and (b2D(θap), r2D(θap)) is
discussed in the following. Let pd(χ) dχ and ps(χ) dχ be the
probability to find a lens or source galaxy, respectively, at co-
moving distance [χ, χ + dχ). The matter power spectrum at dis-
tance χ shall be Pm(k; χ), and k

χ

ℓ
:= (ℓ + 0.5)/ fK(χ) is a short-

hand for the transverse spatial wave-number k at distance χ that
corresponds to the angular wave-number ℓ. The function fK(χ)
denotes the comoving angular-diameter distance in the given
fiducial cosmological model. The additive constant 0.5 in k

χ

ℓ
ap-

plies a correction to the standard Limber approximation on the
flat sky which gives more accurate results for large angular scales
(Kilbinger et al. 2017; Loverde & Afshordi 2008). According to
theory, the aperture statistics are then

⟨N2⟩th(θap; b) = 2π

∞∫

0

dℓ ℓ Pn(ℓ; b)
[
I(ℓθap)

]2
, (18)

⟨NMap⟩th(θap; b, r) = 2π

∞∫

0

dℓ ℓ Pnκ(ℓ; b, r)
[
I(ℓθap)

]2
, (19)

⟨M2
ap⟩th(θap) = 2π

∞∫

0

dℓ ℓ Pκ(ℓ)
[
I(ℓθap)

]2
, (20)

with the angular band-pass filter

I(x) :=

∞∫

0

ds s u(s) J0(s x) =
12

π

J4(x)

x2
, (21)

the angular power spectrum of the galaxy clustering

Pn(ℓ; b) =

χh∫

0

dχ p2
d(χ)

f 2
K

(χ)
b2(k

χ

ℓ
) Pm

(
k
χ

ℓ
; χ

)
, (22)

the galaxy-convergence cross-power

Pnκ(ℓ; b, r) =

3H2
0 Ωm

2c2

χh∫

0

dχ pd(χ) gs(χ)

a(χ) fK(χ)
b(k
χ

ℓ
) r(k

χ

ℓ
) Pm

(
k
χ

ℓ
; χ

)
, (23)

and the convergence power-spectrum

Pκ(ℓ) =
9H4

0 Ω
2
m

4c4

χh∫

0

dχ g2
s (χ)

a2(χ)
Pm

(
k
χ

ℓ
; χ

)
, (24)

all in the Born and Limber approximation. In the integrals, we
use the lensing kernel

gs(χ) =

χh∫

χ

dχ′ ps(χ
′)

fK(χ′ − χ)
fK(χ′)

, (25)

the scale factor a(χ) at distance χ, the maximum distance χh of a
source, and the nth-order Bessel function Jn(x) of the first kind.
By c we denote the vacuum speed of light. The power spectra
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3.2. Aperture statistics and galaxy-bias normalisation

The projected biasing functions b(k) and r(k) are observable by
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9
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(
1

3
− x2

)
H(1 − x)

(12)
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∫ ∞

0
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ap⟩th(θ j)
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sources with distance χ as in the survey, hence the ‘(θap; 1)’ in
the arguments of the normalisation. The normalisation functions
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some number υ > 0. We explore the dependence on the fiducial
cosmology quantitatively in Sect. 7.3.

For this study, we assume that the distance distribution of
lenses is sufficiently narrow, which means that the bias evolution
in the lens sample is negligible. We therefore skip the argument
χ in b(k; χ) and r(k; χ), and we use a b(k) and r(k) independent
of χ for average biasing functions instead.
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theory, the aperture statistics are then
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0
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all in the Born and Limber approximation. In the integrals, we
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the scale factor a(χ) at distance χ, the maximum distance χh of a
source, and the nth-order Bessel function Jn(x) of the first kind.
By c we denote the vacuum speed of light. The power spectra
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error b2D
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redshift bias 2.0%
p(z) width 5.0%
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Mc, kg, ⌘b, zc 20.0%

Planck 
TT 
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EE 

+BAO (k=0)

Joudaki et al. (2016)
Chisari et al. (2018)

 normalisation of projected galaxy bias is only weakly  
model dependent (ratio statistics)

10 . ✓ap . 2�

Simon et al., in prep.



deprojection of angular biasing functions



 direct inversion tricky: projection does smoothing;  
 solve by forward-fitting smooth model templates

b(k, z)
r(k, z)

pd(z)

ps(z)

Pm(k, z)

Aia

b2D(✓ap)

r2D(✓ap)

templates

normalisation 
(smoothing weights)

e.g., generic templates:

b(k) =
b0 + b1 k + b2 k2

1 + b3 k + b4 k2

r(k) =
1 + r1 k + r2 k2

1 + r3 k + r4 k2 + r0 k3

Simon & Hilbert (2018)

DA(w)



matter

satellite

central

 physical models: more insight and better extrapolation 
towards small k

P (k) = P 1h(k) + P 2h(k)
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two halo terms,

P(k) = P1h(k) + P2h(k) . (37)

The one-halo term P1h(k) dominates at small scales, quantify-
ing the correlations between density fluctuations within the same
halo, whereas the two-halo term P2h(k) dominates the power
spectrum at large scales where correlations between fluctuations
in different halos and the clustering of halos become dominant.

We exploit this split to distinguish between galaxy bias on
small scales (one-halo terms) and galaxy bias on large scales
(two-halo terms), namely

b1h(k) :=

√
P1h

g (k)

P1h
m (k)

; b2h(k) :=

√
P2h

g (k)

P2h
m (k)

(38)

and

r1h(k) :=
P1h

gm(k)
√

P1h
g (k) P1h

m (k)

; r2h(k) :=
P2h

gm(k)
√

P2h
g (k) P2h

m (k)

, (39)

and we derive approximations for both regimes separately. We
will find that the two-halo biasing functions are essentially con-
stants, and the one-halo biasing functions are only determined
by the relation between matter and galaxy density inside halos.

To patch together both approximations of the biasing func-
tions in the one-halo and two-halo regime, we then do the follow-
ing. Based on Eq. (10), the function b2(k) is a weighted mean of
b1h(k) and b2h(k):

b2(k) =
P1h

g (k) + P2h
g (k)

Pm(k)

=
P1h

m (k) [b1h(k)]2

Pm(k)
+

P2h
m (k) [b2h(k)]2

Pm(k)

=
(
1 −Wm(k)

)
[b1h(k)]2 +Wm(k) [b2h(k)]2 , (40)
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where the weight

Wm(k) :=
P2h

m (k)

Pm(k)
(41)

is the amplitude of the two-halo matter power spectrum rel-
ative to the total matter power spectrum. Deep in the one-
halo regime we have Wm(k) ≈ 0 but Wm(k) ≈ 1 in the two-halo
regime. Since the two-halo biasing is approximately constant,
the scale-dependence of galaxy bias is mainly a result of the
galaxy physics inside halos and the shape of Wm(k).

Once the weight Wm(k) is determined for a fiducial cosmol-
ogy, it does not rely on galaxy physics, we can use it for any
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two halo terms,

P(k) = P1h(k) + P2h(k) . (37)

The one-halo term P1h(k) dominates at small scales, quantify-
ing the correlations between density fluctuations within the same
halo, whereas the two-halo term P2h(k) dominates the power
spectrum at large scales where correlations between fluctuations
in different halos and the clustering of halos become dominant.

We exploit this split to distinguish between galaxy bias on
small scales (one-halo terms) and galaxy bias on large scales
(two-halo terms), namely

b1h(k) :=

√
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and we derive approximations for both regimes separately. We
will find that the two-halo biasing functions are essentially con-
stants, and the one-halo biasing functions are only determined
by the relation between matter and galaxy density inside halos.

To patch together both approximations of the biasing func-
tions in the one-halo and two-halo regime, we then do the follow-
ing. Based on Eq. (10), the function b2(k) is a weighted mean of
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where the weight

Wm(k) :=
P2h

m (k)

Pm(k)
(41)

is the amplitude of the two-halo matter power spectrum rel-
ative to the total matter power spectrum. Deep in the one-
halo regime we have Wm(k) ≈ 0 but Wm(k) ≈ 1 in the two-halo
regime. Since the two-halo biasing is approximately constant,
the scale-dependence of galaxy bias is mainly a result of the
galaxy physics inside halos and the shape of Wm(k).

Once the weight Wm(k) is determined for a fiducial cosmol-
ogy, it does not rely on galaxy physics, we can use it for any
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 turns out: two-halo regime is essentially k-independent; 
use as parameters in templates;  

 halo model predicts rls = 1 in the two-halo regime —  
but we now can test that!
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two halo terms,

P(k) = P1h(k) + P2h(k) . (37)

The one-halo term P1h(k) dominates at small scales, quantify-
ing the correlations between density fluctuations within the same
halo, whereas the two-halo term P2h(k) dominates the power
spectrum at large scales where correlations between fluctuations
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and we derive approximations for both regimes separately. We
will find that the two-halo biasing functions are essentially con-
stants, and the one-halo biasing functions are only determined
by the relation between matter and galaxy density inside halos.

To patch together both approximations of the biasing func-
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is the amplitude of the two-halo matter power spectrum rel-
ative to the total matter power spectrum. Deep in the one-
halo regime we have Wm(k) ≈ 0 but Wm(k) ≈ 1 in the two-halo
regime. Since the two-halo biasing is approximately constant,
the scale-dependence of galaxy bias is mainly a result of the
galaxy physics inside halos and the shape of Wm(k).

Once the weight Wm(k) is determined for a fiducial cosmol-
ogy, it does not rely on galaxy physics, we can use it for any
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 patch both regimes together with halo weights W(k):
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the panels in the first column, the right-hand axis to the second column. The aperture scale θap = 4.25/(k fK(zd)) (bottom axis) crudely traces the
projected b2D(θap) and r2D(θap) for lens galaxies at zd = 0.3. Each panel varies only one template parameter. See text for more details.

templates. Nevertheless, b(m) can be shown to obey
∫ ∞

0

dm n(m) m b(m) = ρm ⇐⇒
∫ ∞

0

dm w2h
01(m) b(m) = 1 (84)

which follows from the Eqs. (57) and (45). When plotting b(m),
we make sure that it is normalised correspondingly.

Furthermore for the templates, we assume that satel-
lite galaxies always trace the halo matter density so that
ũg(k,m) ≡ ũm(k,m). This assumption could be relaxed in a fu-
ture model extension. For the matter density profile ũm(k,m), we
assume a NFW profile (Navarro et al. 1996) with a mass con-
centration as in Seljak (2000) and a halo mass spectrum n(m)
according to Sheth & Tormen (1999). For the average biasing
functions b(k) and r(k), we evaluate n(m), bh(m), and ũm(k,m)
at the mean redshift of the lens galaxies. As model for Pm(k; χ)
in Sect. 3.2 we employ the publicly available code nicaea2 ver-
sion 2.5 (Kilbinger et al. 2009) that provides an implementation
of Halofit with the recent update by Takahashi et al. (2012)
and the matter transfer-function in Eisenstein & Hu (1998) for
baryonic oscillations.

We list all free parameters of the templates in Table 2. Their
total number is 47 by default. In a future application, we may
also consider rls a free parameter to test, for instance, the validity
of rls = 1. If no large-scale information on the aperture statistics

2 http://www.cosmostat.org/software/nicaea/

is available, we predict bls from Eq. (69), reducing the degrees
of freedom in the model by one.

To obtain the biasing functions b(k) and r(k) from the set of
parameters we proceed as follows. We first compute the one-halo
terms (58) and (63) for two separate scenarios: with and without
central galaxies. Both scenarios are then mixed according to the
Eqs. (73) and (74) for the given value of fcen. Finally, we patch
together the one- and two-halo biasing functions according to
Eqs. (43) and (40) with a weight Wm(k) for the fiducial cosmol-
ogy.

5.3. Physical discussion

Fig. 6 is a showcase of conceivable biasing functions and their
relation to the underlying galaxy physics which we compute in
the aforementioned way. The wave number k is plotted on the top
axis, whereas the bottom axis is defined by θap = 4.25/(k fK(zd))
for a lens redshift of zd = 0.3, which is essentially a simplistic
prediction for b2D(θap) and r2D(θap) as observed by the lensing
technique in Sect. 3. For the discussion here, we concentrate on
the spatial biasing functions.

We plot both b(k) and r(k) inside each panel. The black lines
show a family of b(k) that we obtain by varying one template
parameter at a time in a fiducial model; the red lines are fam-
ilies of r(k). The varied parameter is indicated in the top right
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Conclusions 

 the reconstruction accuracy is 3-7% (3-5%) for lenses at 
z~0.35 (0.51);  

errors in the data covariance (Jackknife) and likelihood 
model are included in the error budget;  

 the normalisation error is around 5-8% for b(k) or 3-5% 
for r(k), if IA error is controlled to around 40% and baryon 
physics to 20% (Planck+BAO prior);  

 magnification bias of lenses is relevant for lenses at high 
redshift and low clustering (affects r(k) and GGL)?  

 constraints from one-halo regime can be used to predict 
the galaxy bias factor at large scales and test halo model;
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Fig. 4. Relative errors in the aperture statistics due to magnification bias of the lenses. Left: Errors for ⟨NMap⟩ where different line styles
distinguish the galaxy samples. Larger errors for the same sample correspond to the high-z bin, smaller errors to low-z. Right: Percentage errors
for ⟨N2⟩ where larger errors for the same line style are the high-z bias.

two halo terms,

P(k) = P1h(k) + P2h(k) . (37)

The one-halo term P1h(k) dominates at small scales, quantify-
ing the correlations between density fluctuations within the same
halo, whereas the two-halo term P2h(k) dominates the power
spectrum at large scales where correlations between fluctuations
in different halos and the clustering of halos become dominant.

We exploit this split to distinguish between galaxy bias on
small scales (one-halo terms) and galaxy bias on large scales
(two-halo terms), namely

b1h(k) :=

√
P1h

g (k)

P1h
m (k)

; b2h(k) :=

√
P2h

g (k)

P2h
m (k)

(38)

and

r1h(k) :=
P1h

gm(k)
√

P1h
g (k) P1h

m (k)

; r2h(k) :=
P2h

gm(k)
√

P2h
g (k) P2h

m (k)

, (39)

and we derive approximations for both regimes separately. We
will find that the two-halo biasing functions are essentially con-
stants, and the one-halo biasing functions are only determined
by the relation between matter and galaxy density inside halos.

To patch together both approximations of the biasing func-
tions in the one-halo and two-halo regime, we then do the follow-
ing. Based on Eq. (10), the function b2(k) is a weighted mean of
b1h(k) and b2h(k):

b2(k) =
P1h

g (k) + P2h
g (k)

Pm(k)

=
P1h

m (k) [b1h(k)]2

Pm(k)
+

P2h
m (k) [b2h(k)]2

Pm(k)

=
(
1 −Wm(k)

)
[b1h(k)]2 +Wm(k) [b2h(k)]2 , (40)

 0

 0.2

 0.4

 0.6

 0.8

 1

 0.01  0.1  1  10  100

W
m

(k
)

k / h Mpc-1

z=0.0
z=0.2
z=0.4
z=0.6
z=0.8
z=1.0

Fig. 5. The weight Wm(k) of the two-halo term in the matter-power
spectrum for varying redshifts z.

where the weight

Wm(k) :=
P2h

m (k)

Pm(k)
(41)

is the amplitude of the two-halo matter power spectrum rel-
ative to the total matter power spectrum. Deep in the one-
halo regime we have Wm(k) ≈ 0 but Wm(k) ≈ 1 in the two-halo
regime. Since the two-halo biasing is approximately constant,
the scale-dependence of galaxy bias is mainly a result of the
galaxy physics inside halos and the shape of Wm(k).

Once the weight Wm(k) is determined for a fiducial cosmol-
ogy, it does not rely on galaxy physics, we can use it for any
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magnification bias may be important for GGL!

see Sect. 3.4 in Simon and Hilbert (2018); 
Ziour and Hui (2008), Hilbert et al. (2009), PhD thesis of J. Hartlap (2009) 

z ~ 0.35

z ~ 0.51

z ~ 0.51

z ~ 0.35

12 S. Hilbert et al.: Born corrections and lens-lens coupling in cosmic shear and galaxy-galaxy lensing

ü

ü

ü
ü
ü
ü ü ü ü

ü
ü

ü

ü

ü
ü
ü
ü
ü ü ü

Ï

Ï
Ï
Ï
Ï Ï

Ï Ï Ï
Ï
Ï
Ï

Ï
Ï
Ï
Ï
Ï Ï Ï Ï

HaL

0.1 1 10
0

2â10-4

4â10-4

6â10-4

8â10-4

J @arcminD
Xg t\
HJL

ü ü ü ü ü ü ü ü ü ü ü ü ü ü ü
ü ü

ü ü
ü

Ï Ï Ï Ï Ï Ï Ï Ï Ï Ï Ï Ï Ï
Ï Ï Ï

Ï
Ï
Ï
Ï

HbL

0.1 1 10

-3â10-5
-2â10-5
-1â10-5

0
1â10-5
2â10-5
3â10-5

J @arcminD

Xg ¥\
HJL

Fig. 13. Galaxy-galaxy-lensing signal for sources at red-
shift z = 1 and unbiased lens galaxies with a constant co-
moving mean density between z = 0 and z = 1. (a) Shown
are the measured tangential component h�ti (#) of the shear
from full ray-tracing (diamonds) and ray-tracing using the
first-order approximation (17) (squares), and the first-order
prediction (28) (solid line). (b) Measured cross component
h�⇥i (#) from full ray-tracing (diamonds) and first-order
ray-tracing (squares). Error bars denote the standard devia-
tion calculated from a set of 24 simulated fields of 3⇥3 deg2.

Due to statistical parity invariance, the cross component
�⇥ is expected to vanish when averaged over many source-
lens pairs. The observed mean cross component h�⇥i can
therefore be used as a test for systematic e↵ects and ‘cosmic
variance’. As shown in Fig. 13, h�⇥i is consistent with zero
in our ray-tracing.

While the cross component �⇥ provides a test for sys-
tematic e↵ects, the tangential shear �t contains the desired
information about the matter and galaxy distribution. As
can be seen in Fig. 13, the mean tangential shear h�ti is
significantly smaller (⇡ 10� 20% at an angular separation
of 1 arcmin) in the ray-tracing than expected from the first-
order prediction (28).

The reason for this discrepancy is magnification bias:
Lenses, i.e. dense matter structures such as galaxies or clus-
ters with their dark matter halos, magnify the regions be-
hind them. The magnification reduces the apparent num-
ber density of higher-redshift lens galaxies around lower-
redshift lenses in a volume limited survey (as has been
simulated here). Underdense regions, on the other hand,
demagnify the regions behind them, thereby increasing the
apparent number density of lens galaxies behind them. The

de-/magnification leads to an anticorrelation between the
positions of high-redshift lens galaxies and the tangential
shear induced by low-redshift structures. The anticorrela-
tion reduces the signal h�ti compared to the first-order ap-
proximation.12 We can suppress the magnification bias in
the ray-tracing by switching o↵ the deflections and using
Eq. (17) to calculate the distortions. In this case our sim-
ulations are fully consistent with the first-order prediction,
as is shown in Fig. 13.

The e↵ect of the magnification bias on the GGL de-
pends on the redshift distribution of the sources and the
lenses. Moreover, the shape of the lens luminosity function
may be important if the lens population is selected using
a magnitude limit. For example, the first-order approxima-
tion may underestimate h�ti for a lens population with a
very steep luminosity function near the survey magnitude
limit. We reserve a more detailed investigation of this e↵ect
with realistic source and lens distributions for future work.

5. Summary

In this work, we have described a new variant of the
multiple-lens-plane algorithm, which is particularly suited
for ray-tracing through very large cosmological N -body
simulations. The algorithm di↵ers in some important de-
tails from previous works. This allows us to take full advan-
tage of the unprecedented statistical power o↵ered by the
large volume and high spatial and mass resolution of the
Millennium Simulation. The features discussed include: a
tilted line-of-sight (to avoid periodic repetition of structures
along the line-of-sight), adaptive slice boundaries (to avoid
the slicing and duplication of bound structures), adaptive
smoothing of the projected matter distribution on the lens
planes (to reduce shot noise from the particles), a mutliple-
mesh method for calculating the light deflections and dis-
tortions at the lens planes (which takes into account the
small-scale and large-scale structure simultaneously), and
a method to include galaxies (as lenses and sources) from
semi-analytic galaxy-formation models in the ray-tracing
process.

We have used the ray-tracing code and the Millennium
Simulation to investigate the impact of lens-lens coupling
and multiple ray deflections on various cosmic shear two-
point statistics. We have computed convergence power
spectra from a set of ray-tracing realisations. For testing
and comparison, we have also computed a first-order predic-
tion of the convergence power spectrum using the measured
three-dimensional power spectra of the mass distribution
in the Millennium Simulation. We find that this first-order
prediction agrees very well with the ray-tracing results ex-
cept for very small scales (the di↵erence is > 5% only for
` > 20000), where smoothing on the lens planes becomes
important.

Comparing the convergence power spectrum from the
ray-tracing to the predictions based on the fitting formu-
lae for the matter power spectrum by Peacock & Dodds
(1996) and Smith et al. (2003), we find significant discrep-
ancies (> 30% for ` > 10000), casting the usefulness of
these fitting formulae for cosmological parameter estima-

12 Note that in the first-order approximation, magnification ef-
fects are neglected. Thus, the positions of galaxies at any given
redshift are uncorrelated with the shear induced by galaxies at
di↵erent redshifts.

Hilbert et al. (2009)


